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Abstract 
The present paper describes a testing method for five-axis machining centers using three-dimensional circular interpolation 
movement equivalent to cone-frustum cutting. In the present paper, the test conditions, such as the half apex angle of cone-frustum 
and the sensitive directions of the ball bar device were investigated. In addition, the sensitivity coefficient of each axis was 
investigated. It is found from the analysis of the sensitivity coefficient that the trajectory due to the errors of the axis of rotation is 
strongly affected by the sensitive direction of the ball bar for the case of a half apex angle of 45°. 
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1. Introduction 
A measuring method using a telescoping ball bar was 
proposed as an alternative to the machining test [1-3]. 
ISO/TC39/SC2/WG3 has decided to prescribe a method 
using the ball bar in ISO/DIS 10791-6[4]. One of the test 
codes prescribed in the draft standard is to check the 
simultaneous five-axis motion equivalent to the cone-
frustum cutting by means of the ball bar. According to 
the test code, the measurement has to be conducted 
under two test conditions, namely, half apex angles of 
15° and 45°. Moreover, the WG3 has prescribed the test 
condition such that the ball bar axis is set to be 
perpendicular to the conical surface of the cone-frustum. 
When the center position of cone-frustum is located 
far from the centerline of the rotary table, the moving 
ranges of the Y, Z and A axes increase, and also the 
reversal positions of all of the axes appear independently 
[5]. However, neither the difference in the trajectories 
measured under half apex angles of 15° and 45° nor the 
sensitive direction of the ball bar has been investigated. 
Thus, the detailed model of the pitch error of the axes 
of rotation is newly introduced to a previously developed 
simulation model [6-7]. The 3D circular interpolation 
movement equivalent to cone-frustum cutting is 
simulated, and the validity of the simulation model is 
clarified through comparison with the measurement data.  
The influence of the backlash and pitch error of two axes 
of rotation is investigated using the simulation model. In 
addition, the sensitivity coefficient of each axis is 
investigated. 
2. Ball bar measurement and simulation 
2.1. Ball bar measurement 
Figure 1 shows the setup of the virtual cone-frustum 
and the ball bar. The symbols are defined as shown in 
the figure. The relative displacement between the center 
of the ball OT(XT,YT,ZT ) of the table side and the center 
of the ball OS(XS, YS, ZS) mounted on the spindle nose is 
measured. Figure 1(a) shows the sensitive direction of 
the ball bar that is set to be perpendicular to the conical 
surface of the cone-frustum (perpendicular measuring 
method). Figure 1(b) shows the sensitive direction of the 
ball bar is parallel to the cone-frustum bottom (parallel 
measuring method).  
The measurement and simulation are conducted for half 
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apex angles of θ=15° and 45° using two measuring 
methods defined in Fig. 1, and the inclinations of the 
cone-frustum are β=10° and 30°, respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2.2. Simulation model 
Figure 2 shows block diagrams of the linear and 
rotary axes of the feed drive system of the five-axis MC 
used in the experiment [6-7]. The linear axes are driven 
by an AC servo motor through a ball screw, and the axes 
of rotation are driven by a worm gear having reduction 
ratio R. Friction torque F is introduced to the linear axes 
as a disturbance, and the backlash and pitch error of the 
axes of rotation are also introduced into the axes of 
rotation.  
2.3.  Pitch error model of the axes of rotation 
In the present study, the model of the pitch errors of 
axes of rotation was developed to precisely simulate the 
trajectory. The pitch error of an axis of rotation can be 
measured by a ball bar device in the tangential direction 
of the axis of rotation, as reported previously [8]. The 
pitch error of the axis of rotation was measured by 
simultaneously controlling the X, Y, and C axes and the 
Y, Z, and A axes. The obtained data was analysed by 
fast Fourier transform (FFT). The pitch errors of higher-
order components that appeared in the trajectory of three 
axis control movement were modelled as follows: 
 
 
 
where, Rall is the reduction ratio of the worm gear, θm 
is the motor rotational angle, Wi is the amplitude of the 
ith pitch error, Ni is the number of peaks per rotation of 
the ith pitch error, and φi is the phase of the ith pitch 
errors. In order to sufficiently express the error of a real 
machine, the parameters of Eq. (1) were determined so 
as to fit, to the highest degree possible, the pitch error 
curve of a real machine. 
Figure 3 shows the amplitude spectrum of the pitch 
error of the A axis. The figure shows that the 
components are equal to the integral multiple of the 
number of teeth of the worm wheel and the other 
components exist in the pitch error components of the A 
axis. All of the parameters including the pitch error of 
the C-axis were identified based on the results shown in 
Fig. 3. 
3. Validity of the simulation results 
3.1. Influence of the center position of the  cone-frustum 
for a half apex angle of 15° 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(1) 
 
Figure.1:  Two measuring methods of conical movement by means 
of ball bar (θ : half apex angle, and L: ball bar length 100 mm)  
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Figure 3: Amplitude spectrum of pitch error of A axis
Kpp is the positional loop proportion gain, Kvp is the velocity loop 
proportion gain, and Ti is the velocity loop integration time. J is the 
total moment of inertia of the mechanism, C is the viscous damping 
factor, and l is the lead of the ball screw. Here, R is the reduction  ratio 
of the worm gear used for the A and C axes.  
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Then, a simulation was conducted using the identified 
parameters. The simulation results are compared with 
the results measured by the ball bar under various 
conditions, and the validity of the simulation model is 
confirmed. In addition, the cause of the deviation that 
appears on the circular trajectory is investigated using 
this model. The simulation and measurement were 
conducted for a half apex angle of 15° and an inclination 
of 10° in order to investigate the influence of the center 
position of the cone-frustum on the circular trajectory. 
Figure 4 shows the measurement and simulation 
results on a pie chart. Both of measurement and 
simulation were conducted in the CCW direction. As 
shown in Fig. 4(a), large steps are observed at 0° and 
180°, and large cyclic variations with three peaks are 
observed in the upper and lower sides of the trajectory. 
The A axis rotates by 20° for a half apex angle of 15° 
from φ = 0° to φ = 180°. Three teeth of the worm wheel 
rotate between φ = 0° and φ = 180° because the number 
of teeth of the worm wheel that drive the A axis is sixty. 
As a result, during the rotation of the A axis, the three 
teeth of the worm wheel rotate. Therefore, this peak was 
caused by the pitch error of the worm gear. 
When the center position is located +50 mm away 
from the centreline of the rotary table in the Y direction, 
a short cyclic variation is clearly observed near 0° and a 
variation of shorter period is observed at around 180°, as 
shown in Fig. 4(b). 
Such typical features appear in both the simulation 
and measurement results. Therefore, it can be concluded 
that the simulation results are in good agreement with 
the measurement ones. 
By the way, the ball bar measurement of movement 
equivalent to the machining of the cone-frustum of a half 
apex angle of 45° is also another test condition specified 
in ISO/DIS10791-6. Thus, the validity of the simulation 
model is investigated through measurement and 
simulation. 
3.2. Influence of the center position of the cone-frustum 
for a half apex angle of 45° 
The measurement and simulation results for the case 
of a half apex angle of 45° are shown in Fig.5, which 
indicates that the simulated trajectory is in good 
agreement with the measured trajectory. Ten cyclic 
variations are observed between 0° and 180° in the CCW 
direction, as shown in Fig. 6(a). The number of peaks is 
greater than that for the case of a half apex angle of 15°. 
This is due to the influence of the pitch error of the A 
axis driven by a worm wheel having 60 teeth through a 
rotation of 60° during five-axis movement. 
When the center position was moved to a certain 
position located away from the centerline of the axis of 
rotation along the Y direction, the variation due to the 
pitch errors of the A axis is similar to the case in which 
the center position is located on the centerline of the 
rotary table is observed between 45° and 135°, and a 
shorter cyclic variation appears between 135° and 225°. 
The variation for a half apex angle of 45° is slight, 
although a short cyclic variation appears between 315° 
and 45° for a half apex angle of 15°.  
It can be said from above results that the simulation 
model can express the behavior of a real machine, even 
if the center position and half apex angle are changed. 
4. Trajectories for a Half Apex Angle of 15° 
4.1.  Influence of the backlash and pitch errors of the A 
axis 
The influence of the backlash and pitch error of the A 
axis on the shape of trajectory is individually 
investigated using the simulation model. Figure 6(a) 
shows the influence of the backlash of the A-axis. It can 
be seen from the figure that there are two large steps at 
the positions of 0° and 180°.   
Figure 6(b) shows the influence of the pitch error of 
the A axis on the trajectory. A long cyclic variation can 
be observed on this trajectory and a short cyclic 
variation that is inherent to the A axis is superimposed 
on the long cyclic variation. Even if the center position 
of the cone-frustum is located far from the center line of 
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the rotary table, the influence of the pitch error of the A 
axis does not change, although no results are shown in 
the present paper. 
4.2.  Influence of the pitch error of the C axis 
The influence of the pitch error of the C axis does not 
appear on the trajectory when the center position is 
OT(0,0,155). However, the influence of the pitch error of 
the C axis is clear when the center position is located in 
the X and Y directions.  
Figure 7 shows the shapes of trajectories depending 
on the center position of the cone-frustum located in the 
X or Y direction. As shown in the figure, the amplitude 
of the cyclic variation due to the pitch error of the C axis 
becomes maximum at 90° and 270° and minimum at 
0°and 180°. Moreover, only the amplitude increases in 
proportion to the distance between the center position of 
cone-frustum and the center of rotary table. 
When the center position of the cone-frustum is 
located in the Y direction from the center of the rotary 
table, the amplitude takes a maximum value at 0rand 
180r and takes a minimum value at 90° and 270°. 
However, the period of the pitch error changes 
significantly. The period is the longest at 0° and is the 
shortest at 180°.  
It can be said that the effect of the pitch error of the C 
axis appears on the trajectory when the center position is 
located far from the centerline of the rotary table.  
 
5. Trajectory for a Half Apex Angle of 45° and  the 
Sensitivity Coefficient of Each Axis  
5.1.  Influence of mechanism errors on the circular 
trajectory  
The influence of the backlash of the A-axis was 
investigated as same as the previous chapter. Figure 8 
shows the simulation results. When the center of the 
cone-frustum is located at a certain position far from the 
center of the rotary table in the X direction, rather than 
the step height, the shape of the trajectory changes 
significantly. The trajectory at XT = 200 mm is quite 
different from that at XT = −200 mm. The difference is in 
the height of the step at 0° and 180° when the center 
position is located in the Y direction and the step at 0° 
considerably smaller than that at 180°. 
Figure 9 shows the influence of the pitch error of the 
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A axis. The difference in the trajectory is visible in the 
right half of the figure when the center position is 
located in the positive and negative X directions, as 
shown in Fig. 9(a). The trajectory including the pitch 
error appears in the upper half of the figure when the 
center position was located in the positive Y direction, as 
shown in Fig. 9(b), and, similarly, the pitch error appears 
in the lower half of the figure when the center position 
was located in the negative Y direction. 
The influence of the pitch error of the C axis was 
investigated. The results are shown in Fig. 10. Only the 
trajectory when the center position is located in the 
positive direction is shown in the figure. When the 
center position is located in the negative direction, the 
phase of the pitch error of the trajectory is reversed to 
the phase of the trajectory located in the positive 
direction. The amplitude of the variation due to the pitch 
error becomes maximum at 90° and 270° when the 
center position is located in the X direction, as shown in 
Fig. 10(a). The shape of the trajectory corresponds to the 
results shown in Fig. 7(a). 
On the other hand, as shown in Fig. 10(b), a 
significant difference appears in the amplitude of the 
trajectory, when the center position is located in the Y 
direction. In other words, the amplitude of the trajectory 
of the right half of Fig. 10(b) is drastically reduced. This 
trajectory is significantly different from the results 
shown in Fig. 7(b). The reason for this is thought to be 
the effect of the sensitive direction of the ball bar. 
It is said that the influences of the backlash of A axis 
and the pitch error of the C axis are reduced in the right 
half trajectory from 270° to 90° as compared to the case 
of a half apex angle of 15° when the center position is 
located in the +Y direction. In order to confirm whether 
the motion errors of the A and C axes can be adequately 
represented on the measured trajectory, we focus on the 
sensitive direction of the ball bar and compare with the 
trajectory measured by the parallel measuring method in 
which the ball bar axis is parallel to the bottom of the 
cone-frustum. 
5.2. Sensitivity coefficient of axes  
5.2.1.  Definition of sensitivity coefficient 
The deviation detected using the ball bar based on the 
perpendicular measurement method is the error 
component that is perpendicular to the spindle axis 
required for the creation of the cone-frustum by an end 
mill. In a linear axis, the error detected when the 
sensitive direction of the ball bar is parallel to the 
movement direction of each axis is equivalent to a real 
error of the axis. However, the cosine component is 
detected when the sensitive direction is not parallel to 
the linear axis. When the sensitive direction of the ball 
bar is set parallel to the tangential direction of the axis of 
rotation, the pitch error and backlash of the axis of 
rotation are directly detected by the ball bar. When the 
sensitive direction of the ball bar is set in the other 
directions, the cosine component of the gyration error is 
detected 
The relationship between the real error vector of the 
axis and the measurement error vector can be depicted as 
in Fig.11. Here, the sensitivity coefficient of 
measurement can be defined by using v and v', as 
follows: 
 
                                                       (2) 
 
 where, the inner product of the error vector and the 
measurement direction vector is expressed as follows: 
bcosθwvwv 䡡䡡 =    
Deleting cosșb by substituting Eq. (2) for Eq. (3), the 
sensitivity coefficient k can be expressed by Eq.(4) as a 
product of the unit error vector and the unit 
measurement direction vector. 
 
 
 
5.2.2.  Sensitivity coefficient of linear and rotary axes 
ISO TC39/SC2/WG3 adopted the sensitive direction 
of the ball bar as being perpendicular to the conical 
surface of the cone-frustum for two reasons. First, a half 
apex angle of 45° can take larger moving ranges of the 
axes as compared to a half apex angle of 15° [9]. Second, 
the stylus of a displacement sensor is set at right angle to 
the generating line of the tapered nose when the run-out 
of the main spindle of machine tools is measured [10].  
Based on the above consideration, the WG3 adopted a 
method whereby the circularity of the cone-frustum is 
measured by a ball bar system in which sensitive 
direction is perpendicular to the conical surface. 
When the sensitive direction of the ball bar is 
perpendicular to the conical surface, as shown in Fig. 
1(a), the motion error of the Z axis cannot be detected by 
the ball bar because the Z axis is always maintained 
perpendicular to the sensitive direction of the ball bar, 
even if the five axes (X, Y, Z, A, and C) are controlled 
(3) 
(4) 
 
 
Figure 11: Relationship between real error vector and 
measurement direction vector of the ball bar 
Measurement direction vector   
(Axial direction of ball bar)
Real error vector
Detected  error by measurement
(Orthogonal projection of to )
 Noriyuki Kato et al. /  Procedia CIRP  1 ( 2012 )  530 – 535 535
 
simultaneously. In other words, the perpendicular  
 
 
 
 
 
 
 
 
 
 
 
 
measuring method only measures the motion errors of 
four axes, not including the Z axis.  
Figure 12 shows the sensitivity coefficients of the 
linear axes. As shown in this figure, when the center is 
located on the center line of the axis of rotation (C-axis) 
and the perpendicular measuring method is applied, the 
sensitivity coefficient of the Z axis becomes zero. In 
other words, no motion error of the Z-axis is detected. In 
contrast, when the sensitive direction of the ball bar is 
parallel to the bottom of the cone-frustum, the motion 
error of the Z axis can be detected by the ball bar. In 
addition, in the case of a half apex angle is 15°, the 
sensitivity coefficients of the X and Y axes are only 
slightly affected by the sensitive direction of the ball bar. 
The sensitivity coefficient of the C-axis was also 
calculated. As shown in Fig. 13, for a half apex angle of 
45°, the sensitivity coefficient of the C-axis is strongly 
affected by the center position, when the center position 
is located away from the centreline of the rotary table in 
the Y direction. The variations of the trajectory shown in 
Fig. 10 correspond to the sensitivity coefficient of the C-
axis. 
6. Conclusions 
In the present paper, a detail model of the pitch errors 
of the axes of rotation was proposed. The proposed 
model was applied to a simulation model of a five-axis 
machining center with a tilting rotary table. The 
simulation results of the three-dimensional circular 
movement equivalent to the cone-frustum cutting were 
in good agreement with the measured trajectories. In 
particular, the detailed trajectories of the half apex 
angles of 15° and 45° were expressible using of the 
proposed pitch error model.  
Moreover, the influence of the sensitive direction of 
the ball bar on the trajectory was investigated. The 
motion error of five axes can be detected by making the 
sensitive direction of the ball bar parallel to the cone- 
frustum bottom when the half apex angle is 45°.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
However, the sensitive direction of the ball bar 
strongly influences the measured trajectory and the 
interference of the ball bar is induced. 
For the case in which the half apex angle is 15° and 
the center position is located along the linear axis 
perpendicular to the tilting axis, such as A-axis, the 
motion errors of five axes can be detected without 
interference of the ball bar. In addition, in this case, the 
influence of the sensitive direction of the ball bar is 
slight. 
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